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Bacterial biofilms, surface-attached communities of cells, are in some respects similar to colloidal
solids; both are densely packed with non-zero yield stresses. However, unlike non-living materials,
bacteria reproduce and die, breaking mechanical equilibrium and inducing collective dynamic re-
sponses. We report experiments and theory investigating the motion of immotile Vibrio cholerae,
which can kill each other and reproduce in biofilms. We vary viscosity by using bacterial variants
that secrete different amounts of extracellular matrix polymers, but are otherwise identical. Un-
like thermally-driven diffusion, in which diffusivity decreases with increased viscosity, we find that
cellular motion mediated by death and reproduction is independent of viscosity over timescales rel-
evant to bacterial reproduction. To understand this surprising result, we use two separate modeling
approaches. First we perform explicitly mechanical simulations of one-dimensional chains of Voigt-
Kelvin elements that can die and reproduce. Next, we perform an independent statistical approach,
modeling Brownian motion with the classic Langevin equation under an effective temperature that
depends on cellular division rate. The diffusion of cells in both approaches agrees quite well, sup-
porting a kinetic interpretation for the effective temperature used here and developed in previous
work. As the viscoelastic behavior of biofilms is believed to play a large role in their anomalous
biological properties, such as antibiotic resistance, the independence of cellular diffusive motion —
important for biofilm growth and remodeling — from viscoelastic properties likely holds ecological,
medical, and industrial relevance.
Bacteria can grow in plankontic suspension or within
biofilms [1]. These surface attached bacterial communi-
ties are similar to colloidal solids in many respects [2, 3].
Both are soft solids composed of densely-packed micron-
sized objects. Biofilms even exhibit glassy phases, much
like their colloidal counterparts [4–6]. However, unlike
particles, bacteria reproduce and die; thus, even im-
motile bacteria that cannot swim are fundamentally ac-
tive. Theory and experiments suggest that reproduction
and death break mechanical equilibrium, driving fluctu-
ations in cell motion and fluidizing biofilms [4–8]. This
active intra-biofilm diffusion occurs at high density, and
within a highly viscoelastic material. The diffusion of
cells via reproduction and death, therefore, is qualita-
tively unlike that experienced by thermal, non-living par-
ticles.
Our understanding of thermal diffusion – and specifi-
cally the Stokes-Einstein relation – arises from a physi-
cal coincidence: the thermostatic collisions with solvent
molecules driving Brownian motion are also responsible
for viscous damping [9]. The fluctuation-dissipation rela-
tion then tells us that the force spectrum is determined by
the friction spectrum; as a result, diffusivity is inversely
proportional to viscosity. Conversely, in dense biofilms
cellular diffusion is driven by local strain fields arising
from either reproduction or death and lysis, while viscous
damping is largely due to secreted extracellular matrix-
forming polymers and cell-surface interactions [10–15].
Viscous and driving forces thus arise from completely
separate sources in biofilms; how, then, is diffusion from
cellular reproduction and death affected by viscosity?
∗ peter.yunker@physics.gatech.edu
Here, we measure the motion of cells in Vibrio cholerae
biofilms containing two variants that are genetically iden-
tical (“isogenic”), other than the genes responsible for
encoding different Type VI Secretion System (“T6SS”)
toxins. The T6SS is a contact-dependent toxin delivery
system which allows these two otherwise-isogenic vari-
ants to kill each other when cells are in contact with one
another. Genetically, we also vary whether the cells do
or do not secrete extracellular matrix-forming polymers
(“Matrix+” and “Matrix-”, respectively). We find that
Matrix+ biofilms have a viscosity three times larger than
that of Matrix- biofilms. Surprisingly, we find that desp-
tie a large difference in viscosity, Matrix+ and Matrix-
biofilms exhibit similar diffusivities.
We approach this problem with three complementary
techniques. First, we track the motion of tracer beads
embedded in biofilms with high and low viscosities via
confocal microscopy. While tracking beads allows us to
directly observe biofilm dynamics, beads only follow cel-
lular motion in Matrix- biofilms; in Matrix+ biofilms
bead dynamics deviate from cellular dynamics. To gain
additional information about the average behavior of all
cells, we use a previously validated method to extract
this information from biofilm topography and indepen-
dent mechanical measurements. Briefly, Risler, et al.,
developed a theory of homeostatic cellular films with re-
production and death, and predicted that an effective
fluctuation-response relationship mediated by these op-
posing activities produces measurable effects on topogra-
phy [4]. This prediction was experimentally validated in
Kalziqi, et al. [16]. Here, we combine topographic mea-
surements with the generalized Stokes-Einstein relation
to extract mean diffusivities. Finally, we model death
and reproduction in biofilms with a series of Voigt-Kelvin
dashpot-spring elements, and show through simulations
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2and theory how viscosity impacts diffusion in such a sys-
tem.
To explore the effect of the extracellular matrix on the
motion and diffusion of cells within biofilms, we inocu-
lated and incubated biofilms as described in [16]. To grow
biolms containing isogenic mutual killers, we mixed (at
a ratio of 1:1.4) two derivatives of a constitutive killer of
C6706 V. cholerae that are each genetically modified to
use a different T6SS toxin from V. cholerae strain 692-79
[16–18]. The mutual killing strains were also modified to
express two different fluorescent proteins. Matrix- vari-
ants were genetically modified to produce no extracellu-
lar matrix [19], whereas Matrix+ variants are wild type
for extracellular matrix secretion (i.e. they produce a
“natural” amount of matrix product) [20]. All biofilms
were grown by mixing two mutually-killing strains of V.
cholerae and placing a 1µl inocula (roughly 8×105 cells)
onto a lysogeny broth agar plate at 37◦C.
First, we measured biofilm viscosity in the low-
frequency limit via creep tests (see SI for more informa-
tion) [21–23]. Matrix+ biofilms had an average viscosity
of 43± 5.1 kPas (mean ± standard deviation), just over
three times higher than that of Matrix- biofilms (14±6.2
kPas) (Figure. 1a), demonstrating that the presence of
extracellular matrix substantially modifies biofilm viscos-
ity.
As a check on the impact of extracellular matrix on
killing dynamics, we sought to measure the amount of
killing that occurs in each type of biofilm. To do so, we
first determined whether Matrix+/- biofilms have differ-
ent levels of activity by examining the typical domain size
of clonal patches. It was previously demonstrated that
mutual killing bacteria undergo ‘Model A’ coarsening in
biofilms [20]; consequently, the size of clonal domains is
related to the number of killing events. To measure the
size of clonla domains, mutually-killing strains were in-
cubated for 24 hours, and then visualized with fluores-
cence microscopy. As observed prior [16], well-mixed,
Matrix- mutual killers, which do not produce viscous ex-
tracellular matrix-forming polymers, separate to create
a coarsened structure (Matrix- Fig. 1b and c). Like-
wise, well-mixed Matrix+ mutual killers, which produce
viscous extracellular matrix-forming polymers, exhibited
similarly sized clonal domains (Matrix+, Fig, 1b and c).
Thus, the amount of killing that occurred was not sig-
nificantly altered by the presence or absence of matrix
material.
We next directly observed the motion of tracer
beads in biofilms. 1-micron diameter polystyrene beads
(FSFR004 Flash Red, Bangs Labs) were mixed with
liquid culture immediately before the biofilm was in-
oculated. Beads were imaged every 3 minutes during
4.5 hours of growth with a Nikon A1R confocal micro-
scope. It was previously shown that beads convect to-
ward the top of growing biofilms at the agar-air inter-
face [16]; thus, we measured the in-plane mean square
displacement (MSD) (i.e., their mean square displace-
ment parallel to the agar surface). In Matrix- biofilms,
FIG. 1. a. Directly measured viscosities for Matrix- and
Matrix+ biofilms, shown with standard error. The presence
of extracellular matrix products increases the viscosity by
roughly a factor of 3. b. Mean structure factors for Matrix-
and Matrix+ biofilms show that the clonal size distribution
is practically unaffected by the presence of the extracellu-
lar matrix, and thus the amount of killing is also unaffected.
c. Selected examples showing highly comparable strain-strain
coarsening for Matrix- and Matrix+ biofilms.
we found that tracer beads are highly mobile (Fig. 2a),
exhibiting caged like dynamics on short lag times, and
diffusive-like dynamics over longer lag times. We ex-
tract diffusion coefficients from the mean-squared dis-
placement; Matrix- biofilms have a mean diffusivity of
0.63 ± 0.17 × 10−3µm2/s. However, while they still ex-
hibited diffusive dynamics, we found that beads did not
effectively follow cellular dynamics in Matrix+ biofilms,
likely due to their interactions with the extracellular ma-
trix itself [13] (see SI for additional information). Fur-
ther, tracer beads are limited in the information they can
provide about biofilm dynamics: tracer beads only probe
their local neighborhoods, they convect away from the
source of nutrients [16], and it is unclear how the beads
themselves may impact biofilm mechanics locally. Thus,
while the motion of tracer beads strongly implies that im-
motile cells within a biofilm undergo significant, diffusive
displacement due to reproduction and death, their inher-
ent limitations motivate a new approach to measuring
diffusivities that can capture the unperturbed dynamics
of all cells.
To do this, we turn to a previously-validated interfer-
ometry technique. In a recent paper [16], we demon-
strated that information about death and reproduction
could be extracted from high resolution measurements of
biofilm topography when coupled with mechanical mea-
3FIG. 2. a. Measured lateral MSD for tracer beads inside a
Matrix- biofilm. Light lines represent data from individual
measurements; the dark line represents the average MSD. b.
Tracks of individual tracer beads colored by timepoint. Image
is 100 microns wide and 74 microns tall.
surements. That work built on previous theoretical re-
sults in which a Maxwell model of a tissue obeys an ef-
fective fluctuation-response relationship, permitting the
calculation of integrated death and reproduction rates
via an effective temperature (Teff) in the low-frequency,
long-wavelength limit [4]. This relationship was tested
experimentally in [16] using Matrix- V. cholerae biofilms;
biofilms composed of mutual killing bacteria have Teff
that are ∼18 times larger than those of biofilms com-
posed of cells that cannot kill (p = 1.75× 10−4) [16].
After 24 hours of incubation at 37◦C, the surface
height profile was measured – with O(nm) precision us-
ing a ZYGO NewView 8300 interferometer – for 31 Ma-
trix+ and 26 Matrix- biofilms. All measured biofilms are
shaped like spherical caps with a central concave ellip-
soidal dimple, often called the “homeland” [24]. Each
biofilm topography is a superposition of such an ellip-
soidal background and fluctuations due to cell-cell inter-
actions. We fit and subtract an ellipsoidal background
to each biofilm to obtain a fluctuation-topography in the
vein of ref [4], where the topography is determined by
internal activity rather than initial and external condi-
tions (Fig. 3 a). To relate topographies to effective tem-
peratures (as in [4] and [16]), we must measure biofilm
membrane tension and bending rigidity, which we did for
Matrix+/- phenotypes (see SI).
While Matrix+ and Matrix- biofilm topographies look
superficially rough (Fig. 3a) [25, 26], these measurements
reveal that Matrix+ biofilms have significantly larger ef-
fective temperatures than Matrix- biofilms (p < 0.004,
Fig. 3b). We then convert measured effective temper-
atures into effective diffusivities, Deff, using the gen-
eralized Stokes-Einstein relation in the low frequency
limit (and independently-measured viscosities; see sup-
plemental information for more details) (Fig. 3 c) [27].
While the effective temperature distributions are dif-
ferent depending on the presence of extracellular ma-
trix, the distributions of effective diffusivities are very
nearly identical (p > 0.5). The extracted mean is
Deff = 3.0 ± 1.9 × 10−3µm2/s and Deff = 2.9 ± 3.0 ×
10−3µm2/s, for Matrix- and Matrix+ biofilms, respec-
tively, each of which is reasonably close to the mean dif-
fusivity extracted from Matrix- tracer bead experiments
FIG. 3. a. Demonstrative surface topographies of Matrix-
and Matrix+ biofilm homelands measured via interferometry.
b. While the topographies appear quite similar by eye, ex-
tracted effective temperatures (shown with standard error)
are significantly different across many samples. c. However,
diffusion constants calculated using the aforementioned effec-
tive temperatures and viscosities (shown with standard error)
are nearly identical between Matrix- and Matrix+ samples.
D = 0.63 ± 0.17 × 10−3µm2/s. This agreement further
supports the argument that biofilm topography directly
relates to its underlying dynamics and mechanics.
To test this result, and gain insight into its universality,
we perform event-driven, individual-based simulations of
mutual killer cells in one-dimension. To capture the vis-
coelastic character of biofilms, we model them as chains
of cells coupled by Voigt-Kelvin elements. Reproduction
and death are assumed to be Poisson processes with ac-
tivity rate λact (Fig. 4a); the time-step between events
is chosen from an exponential distribution dt ∼ e−λactt.
Each event corresponds, with equal probability, to the
step-strain resultant from reproduction or death of a cell
at a random position in the biofilm, and as such im-
poses a step stress ±σ0 felt instantaneously throughout
the biofilm. Finally, after each event the velocities and
positions of all the cells are updated according to the
current state of stress in the biofilm and the constitutive
equations σ(t) = E(t) + η d(t)dt , using backward-Euler
integration, where E is the elastic modulus, η is viscosity
and  is strain.
The diffusion of cells in these simulations aligns well
with the predictions of a simple modification to the clas-
sic Langevin equation model for the Brownian motion
of a particle: mdvdt = −mγv + R(t). Here, γ is the in-
verse time scale associated with Stokes drag and R(t) is
a white noise term with zero mean and strength given
by 〈R(t)R(t + τ)〉 = 2mγkBTeffδ(τ), kBTeff = U0λact/γ,
where λact is the driving force activity rate, and U0 is the
4FIG. 4. a. A visualization of the simulation setup. Cells are separated by Voigt-Kelvin elements and begin reproducing and
lysing. Reproduction applies a stress σ0 to neighboring cells. b. MSDs from simulations where α = 1 (standard diffusion). c.
MSDs from simulations where α = 0 (free diffusion). The solid black line corresponds to an independent analytical prediction
based on a generalized Langevin equation approach. d. Extracted diffusion constants as a function of viscosity from simulations
with different values of α.
energy scale of the driving force. When λact is identified
with the inverse time-scale associated with viscous damp-
ing (γ) and the energy scale is set to U0 = kBT , then the
ordinary form of viscosity-dependent Brownian motion is
recovered. On the other hand, when γ is set to the vis-
coelastic relaxation rate (E/η), and the energy scale is
associated with cellular motion U0 = m(dσ0/η)
2, where
d is the cellular diameter, we find that this Langevin
equation agrees numerically with our simulations, and
predicts diffusion to be independent of viscosity in the
long time limit (Fig. 4c).
To further compare the simulations and theory, we set
the simulated cellular reproduction and death rate to be
a function of E and η: λact = λ0
(
E
η
)α
for a value of α
between 0 (λact is totally independent of viscosity – sim-
ilar to actual bacterial reproduction rates) to 1 (λact has
the traditional dependence on viscosity). Theory predicts
that D ∝ −α; indeed, this is observed in simulations for
several values of α (Fig. 4D).
It is worth noting how surprising it is to recover the
theoretically expected scaling betweenD and α in simula-
tions. The simulation is a viscoelastic mechanical model
in which the only ingredients are death, reproduction and
mechanical properties, and makes no explicit mention of
effective temperatures or relaxation rates. Therein, we
find that the mechanical properties play no role in how
cells move around in the long time limit, i.e. how the
diffusion constant scales, unless the rate of division and
death is a function of those mechanical properties. And if
the rate of division is set to be a function of mechanical
properties, then the behavior of the diffusion constant
in simulations is exactly as predicted by a theory that
makes no explicit mention of viscoelasticity, mechanical
properties, cell death, or cell reproduction. These rep-
resent two totally different approaches— mechanical and
statistical— that yield the same result when translated
into each others language. This observation offers more
evidence that the effective temperature is not simply a
thermodynamic analogue but actually relates to kinet-
ics and the mechanical energy of particles, the same way
ordinary temperature does [4, 5]. Thus, viscosity inde-
pendent diffusion appears to be a natural consequence
when the driving force and viscous damping arise from
separate physical processes with different time scales.
Interestingly, the Langevin equation approach also pre-
dicts a diffusion constant of D = 12λact`
2. Here λact
is the rate of lysis and reproduction, and ` is a char-
acteristic length scale. A typical cell division rate for
C6706 V. cholerae is ∼20 minutes, so in the homeo-
static limit the event rate can be roughly approximated
as 1 event10 min . A typical cell length is about 1.0µm, so
putting together a “back of the envelope” prediction we
find D ≈ 1.5 × 10−3µm2 · s−1, on the same order of
magnitude as effective diffusivities extracted from colony
topography and from tracer beads in Matrix- biofilms.
Through experiments, simulations, and theory, we
show that diffusion mediated by death and reproduction
is independent of viscosity. This surprising result arises
from the separation of the origin of viscous relaxation
and driving force time scales. Reproduction and death
events induce step-strains that, in turn, induce stresses.
These stresses relax much more rapidly than the time be-
tween step-strain events, making the material essentially
a memory-less fluid on long time scales. The accumu-
lated motion that a cell undergoes as a result of these
strains amounts to a random walk governed entirely by
the active driving force.
The results presented in this manuscript are likely of
broad relevance. Biofilms that form in nature are typ-
ically polymicrobial, even featuring different taxa and
species. Accordingly, bacteria have evolved many mech-
anisms for killing their competitors [28], so this class
of cellular diffusion is likely to be very common. Fur-
ther, the mechanical properties of biofilms are critical for
many other biological properties [3, 29–31]; the indepen-
dence of cellular diffusive motion – important for biofilm
growth and remodeling – on biofilm mechanics suggests
that biofilm viscoelasticity can vary without incurring a
trade-off with regards to cellular diffusion.
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6SUPPLEMENTAL INFORMATION
OTHER MECHANICAL MEASUREMENTS
We performed independent mechanical measurements
[16, 21], and found that the Youngs moduli were 14.8± .8
kPa and 3.1±1.3 kPA (for Matrix+ and Matrix-, respec-
tively). We found that the Matrix+ biofilms had an av-
erage surface tension of 0.089± 0.001 N/m, as compared
to Matrix- biofilms average of 0.023 ± 0.004 N/m, and
bending rigidities of 2.5± 0.20× 10−9 Nm (Matrix+) vs.
3.4± 0.45× 10−11 Nm (Matrix-).
TRACER BEADS IN MATRIX+ BIOFILMS
In addition to Matrix- biofilms, we have extracted dif-
fusion coefficients from tracer beads embedded in Ma-
trix+ biofilms. We observed that the MSD in Ma-
trix+ biofilms also exhibits a caged-like plateau at short
times, followed by diffusive-like linear regime at long lag
times (figure 5a). However, the variation in motion from
sample-to-sample was higher in Matrix+ biofilms than
Matrix- biofilms. We found that the diffusion coefficient
was 0.16±0.11×10−3µm2/s, smaller than that in Matrix-
biofilms (p = 4× 10−4) .
To determine if the presence of extracellular matrix
prevents tracer beads from accurately mimicking the mo-
tion of cells we need to compare the motion of cells and
tracer beads. To measure the motion of individual cells,
we analyzed the dynamics at early times during biofilm
formation, i.e., these experiments started with 14% of
the agar surface covered with cells (and 1% of the sur-
face covered with beads), and continued until a dense
bacterial monolayer formed. We measured the average
displacement of the beads and the cells over time with
time steps of 3 min. At very low densities, the beads
behave similarly in Matrix+ and Matrix- biofilms (figure
5b). However, after about 30 min, which corresponds to
about 40% of the surface covered with cells, the average
displacements start to differ. Beads in Matrix- biofilms
move faster, which is consistent with the difference in the
diffusion coefficients extracted from tracer bead MSDs.
Next, we analyzed the average displacement of cells us-
ing particle image velocimetry (PIV) during the same
time span. We found that motion of cells in Matrix+
and Matrix- bioflims is not significantly during this time
span (figure 5c). This clearly contrasts with the behavior
of beads shown in figure 5b. In Matrix- biofilms, the dis-
placement of beads and cells is similar at later times (be-
yond 40 min). We can conclude that the presence of ex-
tracellular matrix impacts the motion of tracer beads, as
previously demonstrated [13]. Thus, tracer beads do not
accurately mimic the motion of cells in Matrix+ biofilms.
FIG. 5. a) Measured lateral MSD for tracer beads inside a
Matrix+ biofilm. Light lines represent data from individual
measurements; the dark line represents the average MSD. b)
The displacement of the beads at early times during biofilm
formation in Matrix- and Matrix+ biofilms shows that there
is a strong divergence in bead motion after about 40 minutes
of growth. c) However, using PIV to track individual cells
in Matrix- and Matrix+ biofilms shows no such discrepancy,
suggesting that the presence of an extracellular matrix pre-
vents tracer beads from accurately tracing cellular motion.
LANGEVIN EQUATION
Effective temperature and related work
As discussed in the main text, others have studied cell
migratory behavior due to death and reproduction, and
have used an effective temperature formulation to recover
fluctuation-dissipation like behavior. In particular, we
build on the work of Ranft, et al., [5] and Risler, et al.,
[4]. We use an effective temperature which agrees with
theirs to leading order, but in this section we rewrite it
in a different form for convenience. Ranft, et al., report
an effective temperature that scales as:
kBTeff ∝ λactη
ρ
, (1)
with the cellular activity rate λact, the effective viscos-
ity η, and the cell number density ρ. Note that to our
knowledge, previous work has focused on elastic cells that
develop an effective viscosity due to the fluidization ef-
fect of activity. Here, we’ll be using, as η, the measured
viscosity of biofilms. Viscosity is nothing more than a
material’s energy density multiplied by a timescale asso-
ciated with structural rearrangements [32]. We can write
η = uV
1
γ , for an energy u, a volume of material V , and a
relaxation rate γ. Next we can write the inverse cellular
number density as 1ρ =
V
N for N cells. Combining these
terms in equation (1), we have:
kBTeff =
λact
γ
· u
N
kBTeff = 〈Econst〉 · λact
γ
(2)
7where 〈Econst〉 describes the average energy per con-
stituent, referred to as U0 in the main text. For a pas-
sive material at equilibrium, the timescales associated
with activity and structural rearrangement are equiva-
lent (for example, they might both arise from molecular
collisions), λact = γ, and the mean energy per constituent
follows from equipartition 〈Econst〉 ∝ kBT (up to a con-
stant depending on the number of degrees of freedom of
the constituent). Therefore at equilibrium for a passive
material kBTeff = kBT , as one would hope. In our exper-
iments 〈Econst〉 is associated with cellular motion, and so
Teff measured in Kelvin is enormous compared to tem-
peratures typically associated with atomic or molecular
motion in daily experience.
Brief refresher on Brownian motion
The traditional Langevin equation for Brownian mo-
tion can be used here, as described for instance in [9]. We
start by writing Newton’s second law for a particle in one
dimension subject to viscous damping and a force which
is random in time, R(t). The trajectory of a particle will
therefore be stochastic; we are restricted to investigating
probability distributions and averages over many parti-
cles’ trajectories, each with different realizations of the
random force R(t).
mv˙ = −mγv +R(t),
where R(t) is random but has the following known prop-
erties:
〈R(t)〉 = 0
〈R(t)R(t+ τ)〉 = κδ(τ)
where, in equilibrium for a passive fluid κ = 2kBTmγ.
The angled braces 〈...〉 denote averages over many real-
izations, and δ(...) is the Dirac delta function. We follow
a typical derivation to find the diffusion constant, except
that we leave our solution in terms of Teff instead of T .
Again, for a passive fluid in equilibrium Teff simplifies to
T . Dividing through by m and letting ξ(t) = R(t)m , yields
v˙ = −γv + ξ(t),
which can be solved using standard techniques as
v(t) = v0e
−γt + eγt
∫ t
0
dt′eγt
′
ξ(t′)
Without loss of generality (at least when finding diffusion
constants), we can set v(0) = 0 and x(0) = 0 then
v(t) = eγt
∫ t
0
dt′eγt
′
ξt′)
x(t) =
∫ t
0
eγt
′
∫ t′
0
dt′′eγt
′′
ξ(t′′)
Squaring, taking the average over many solutions (i.e.
for many realizations of the stochastic function ξ), and
using the relation 〈ξ(t)ξ(t+ τ)〉 = 2γkBTeffm δ(τ) yields (af-
ter much rearranging):
〈v2〉 = kBTeff
m
(1− e−2γt) (3)
〈x2〉 = kBTeff
2mγ2
(
2γt− 3 + 4e−γt − 2e−2γt) (4)
In the long-time limit this becomes
〈v2〉 = kBTeff
m
Equipartition (5)
〈x2〉 = kBTeff
mγ
t Diffusion (6)
Conventional diffusion and viscosity independent
diffusion
As discussed above, eq (2) simplifies to kBT for a pas-
sive fluid at equilibrium; replacing kBTeff with kBT in eq
(6) yields the expected result for passive, equilibrium sys-
tems. This is because we’ve set the timescale for damping
equal to the timescale associated with thermal kicks —
γ appears in the noise strength as well as in the damping
term. Also, the energy of each constituent is again set by
the strength of thermal kicks, thus ensuring equipartition
holds.
On the other hand, when the timescales governing
the source of constituent motion and damping of con-
stituent motion are separated, Einstein’s classic results
no longer necessarily hold. In our case, when consider-
ing active, reproducing but immotile, constituents em-
bedded in a viscoelastic medium, it is most natural to
set the inverse damping timescale γ to the viscoelastic
relaxation rate Eη . The energy scale, however, is as-
sociated with cellular motions due to active kicks (i.e.
step stresses from reproduction and death), and so we
can write 〈Econst〉 = m
(
dσ0
η
)2
, with cellular diameter d.
The reproduction/death rate is identified with the activ-
ity rate λconst. We then have
〈x2〉 = kBTeff
mγ
t
〈x2〉 = 〈Econst〉λact
mγ2
t
〈x2〉 =
m
(
dσ0
η
)2
λact
m
(
E
η
)2 t
〈x2〉 =
(
dσ0
E
)2
λactt
〈x2〉 = `2λactt
8Here ` = dσ0E is the change in length that the spring
in the Voigt-Kelvin element of length d would experience
instantaneously if subjected to a force σ0. In other words,
we can think of it as the “step-size” in a discrete one-
dimensional random walk, where steps are taken at a rate
λact. The above is the long-time result. The equation we
use to compare with simulations at all times applies this
same process to eq (4), producing:
〈x(t)2〉 = λact`
2
2γ
(
2γt− 3 + 4e−γt − 2e−2γt) (7)
SIMULATIONS
Biofilm simulations in which the reproduction and
death rate is λact and the viscoelastic relaxation rate is
γ = Eη agree well with the predicted mean squared dis-
placement from eq 7.
As described in the main text, we performed event-
driven, individual-based simulations of mutual killer cells
in 1D. To capture the viscoelastic character of the biofilm,
we model it as a chain of cells coupled by Voigt-Kelvin
elements, with spring stiffness E and dashpot damping
η. Reproduction and death are assumed to be Poisson
processes with an activity rate λact; the time-step be-
tween events is chosen from an exponential distribution
dt ∼ e−λactt. Each event corresponds, with equal prob-
ability, to the step-strain resultant from reproduction
or death of a cell at a random position in the biofilm,
and as such imposes a step stress σ0 felt instantaneously
throughout the biofilm. Finally, after each event the
velocities and positions of all the cells are updated ac-
cording to the current state of stress in the biofilm and
the constitutive equations σ(t) = E(t) + η ddt(t), using
backward-Euler integration. This leads to the discretiza-
tion scheme:
t =
1
1 + dtEη
· (t−1 + dt
η
σt))
In fact, the simulation code is very short so it is included
inline here.
### imports
import numpy as np
from matp lo t l i b import pyplot as p l t
### de f ine cons tant s ( example va lue s )
E = 1 ; eta = 1
T = 20000 #t o t a l number o f time s t ep s
lambda act = 1e−2 #rate o f b i r t h / death event s
N = 10000 #leng t h o f b i o f i lm
s igma 0 = 10
### pos i t i o n s o f event s
j = np . random . rand int (0 ,N, s i z e=T)
###nature o f event s
#( b i r t h = 1 , death = −1)
s = np . random . cho i c e ( [ −1 ,1 ] , s i z e=T)
FIG. 6. 1D chain of Voigt-Kelvin elements
###timing o f event s
dt = np . random . exponent i a l ( s c a l e = 1/ lambda act ,
s i z e = T)
t = np . cumsum( dt )
sigma = np . z e r o s ( shape=(T,N) )
ep s i l o n = np . z e r o s ( shape=(T,N) )
### run the s imu la t ion
f o r k in range (T) :
sigma [ k , : j [ k ] ] += −s igma 0 ∗ s [ k ]
sigma [ k , j [ k ] : ] += sigma 0 ∗ s [ k ]
e p s i l o n [ k , : ] = (1 / (1 + dt [ k ]∗E/ eta ) ) ∗ (
e p s i l o n [ k−1 , : ] + ( dt [ k ] / eta ) ∗ sigma [ k , : ] )
### p l o t r e s u l t s
p l t . p l o t ( t , np . average ( e p s i l o n ∗∗2 , ax i s=1) )
PHYSICAL EXPLANATION OF LANGEVIN
MODIFICATION
The Langevin equation results eq (4) with kBTeff given
by eq (2) agree with simulations at all times, but the
connection between the simulations and the effective tem-
perature approach remains perhaps un-intuitive. In this
section we attempt to give a more mechanical picture
of how the simulations relate to the Langevin equation
approach.
Our model of a biofilm is shown in figure 6. It is a
1D chain of incompressible points separated by Voigt-
Kelvin cells. When a new cell is created its mother shoves
everybody aside with all her force, fmax. This force will
get distributed through the chain as a compressive stress
σ0. When a cell lyses, it will leave behind a tensile stress
in its wake. The magnitude of this stress we’ll also set,
for convenience, to σ0. We consider only biofilms in the
homeostatic limit so the rate of lysis and division balance.
Consider the motion of a cell somewhere near the cen-
ter of a vast one-dimensional biofilm (the pink cell in
figure 7). This cell is pushed and pulled, back-and-forth,
in response to stresses as cells to its left and right divide
and lyse. But how many stresses occur over a time t?
If we assume that division and lysis events are Poisson
distributed throughout the biofilm then we can write:
σtotal = σ0
(
N right −N left)
where N right and N left are distributed as:
p(N) = e−λactt
(λactt)
N
N !
with λact the rate of division and lysis in the biofilm.
The probability that the cell experiences σ(t) at time t
9FIG. 7. Equivalent view to tracking the pink cell
will then be a Skellam distribution (which arises from the
difference of two Poisson processes).
p(
σ
σ0
) = e−2λacttI|N |(2λactt)
where I|N |(2λactt) is the modified Bessel function of the
first kind. In the limit of large λact the distribution con-
verges to a Gaussian with mean 0 and variance λactt.
This is unsurprising as it’s clear that we can think of the
current value of the total stress as undergoing a random
walk in one dimension. In other words, we flip a coin
at a rate λact and each time take a step ±σ0 based on
whether a birth (lysis) event happened to our left (right).
To get a particular trajectory we can write
σ˙(t) = σ0ψ(t)
σ(t) = σ0
∫ t
0
ψ(t′)dt′
with
〈ψ(t)〉 = 0
〈ψ(t)ψ(t′)〉 = λactδ(t− t′)
which will give us the same distribution for σ(t) in the
end. This gives us a clearer physical picture of the cellular
diffusion as well. Tracking a single cell’s motion over time
is equivalent to tracking the motion of point x in figure 7.
This is nothing more than one much larger Voigt-Kelvin
cell subject to a stress that randomly walks in time.
The equation of motion for x is then easy to write
down:
σ(t) = E(t) + η˙(t)
σ0
∫ t
0
ψ(t′)dt′ = E(t) + η˙(t)
E0
∫ t
0
ψ(t′)dt′ = E(t) + η˙(t)
λη0
∫ t
0
ψ(t′)dt′ = λη(t) + ˙(t)
λη`
∫ t
0
ψ(t′)dt′ = ληx(t) + x˙(t)
λη`ψ(t) = ληv(t) + v˙(t)
here, σ0 is written as E0, where 0 is how much the
spring would be strained if it were disconnected from the
Voigt-Kelvin cell and subjected on its own to an instanta-
neous stress σ0. Then we divided through by η to present
everything in terms of a viscoelastic relaxation rate λη.
Next, we multiplied by a cell’s relaxed length x0, which
turns  into x and ˙ into x˙. Note that 0 ·x0 = `. Finally,
we take a time derivative to get an equation similar to the
familiar Langevin equation for Brownian motion. The fi-
nal line would yield the usual fluctuation-dissipation re-
lation, except that there’s a term multiplying the white
noise. The root mean squared velocity and position can
be solved for; this is the same exercise as above, and
yields:
〈x(t)2〉 = λact`
2
2λη
(
2ληt− 3 + 4e−ληt − 2e−2ληt
)
〈x(t)2〉 = λact`2t t→ Large
